Laplace Transforms Homework #2
SPRING 2001

Pat Rossi Name

Instructions. For problems 1 - 10, find the Laplace Transform of each function.

Remark: We will make copious use of two fundamental properties of Laplace Trans-
forms:

DL @) £g@)]=L£1f @)+ £]g(?)]
2) £Le-fW)] =c- £]f(2)]

1. 5 — 8¢t

L15— 863 = £[5] — £[8£] = £[5] - 8L[F] = & — 83 =

» ot

W

(Using Formulas #1 and #4 on the Laplace Transforms Table)

le. £[5—8t%=2-2

£ [gcos (3t)] = 3£ [cos (31)] = s =252 = =

8524(2)"  82+3

(Using Formula #9 on the Laplace Transforms Table)

e, £ [Leos (30)] = iy = ¥

3. €3 cos (2t) — e sinh (5t)
4. cos (t) — sin (t)

£ [cos (t) —sin (t)] = £ [cos (t)] — £ [sin ()] = =°~ — == = 5L

5241 5241 s241

(Using Formulas #9,10 on the Laplace Transforms Table)

i.e. £[cos(t) —sin(t)] = 52




5. t7 —t* + 5¢t?
LT =t + 5% = L£[tT) = LN+ L[58 = £[17T] — £ [t +5L[tY] = T — B + 52

(Using Formulas #3, 5 on the Laplace Transforms Table)

Le. £[T —tt4+54 =2 — 4410

£ (4 [te]) =777

By Formula #19, £[f' (t)] = sF (s) — f(0)  (Here, F'(s) = £[f (1)])
Thus, Formula #19 could be rewritten as: £ [f' (t)] = s£ [f (£)] — f (0)
F(t) = te™

F(s)=£[f(t)]=£[te™] =

o (5-5)°

(Using Formula #14 on the Laplace Transforms Table)

Thus, £ (% [teSt]) = L[f'(t)] = sF (s) — f(0) = s— — (0) e50) — s

(s—5) (s—5)

e, £ (L") =




8. & [cos (t) + te']
£ (57 lcos (t) + tet]) —777
By Formula #£20, £ [f" (t)] = s’F (s) — sf (0) = f'(0)  (Here, F'(s) = £[f (t)])
Thus, Formula #20 could be rewritten as: £ [f” ()] = s2.£ [f (£)] — sf (0) — ' (0)
F(t) = cos (t) + tet

1 (t) = —sin(t) + te' + €

F(s)=£[f(t)] = £[cos(t) + te'] = £ [cos (t)] + £ [te'] = reawiing ﬁ
(Using Formula #9, 14 on the Laplace Transforms Table)

Thus, £ <§l—t22 [cos (t) + tet]> = L[f"(t)] = s*F (s) — sf (0) — f'(0)

= 52 <525+1 + (5_11)2> — 5 (cos (0) + (0) e©@) — (—sin (0) + (0) e® 4 ¢®)

s3 52

B = Ak

. d? $3 52
ie. £ (W [cos (t) +tet}> =ea T ey 5T 1

9. f(f cosh (2) cos (t — z) dz

10. [} e*cos (22) dz



Further Instructions For problems 11 - 20, find the Inverse Laplace Transform of each
function.

Remark: We will make copious use of two fundamental properties of Laplace Transform
Inverses:

D) £ F () £G(s)] = £7[F (s)] £ £7[G (s)]
2) £le-F(s)] =c- £][F(s)]

2
1. =i

£7 [ 2+k2} =2£71 [ 2+k2] =777

I would like to use Formula #6 on A Table of Laplace Transform Inverses: £* [SQJFLICQ} =
sin (kt)

In order to use this formula, I need to get the constant "k" in the numerator.

] =

o ae] = 267 ] = 267
2 sin (kt)

k32+k2] = 2£7 1[1@32%2} = 2"€ 1[

ie., £71 [SQMQ}—%Sin(kt)

12, — - n=1,23,...

(s— k)"+1 )

ie., £71 [ k)nﬂ]:tnekt

(Using Formula #5 on A Table of Laplace Transform Inverses)

13.

JR
s2 k2

ie., £7' [z5] = cosh (kt)

(Using Formula #10 on A Table of Laplace Transform Inverses)



2
T (s2+1)°

This doesn’t really fit any of our forms:

We have: (82%:“]:2)2 (Formula #13) and (2 kz)

formula with just a plain old constant over (k2 + s2)*.

(Formula #14), but we don’t have a

If we are to use either (or both) of these forms, k = 1.

So our forms will be: £‘1[ 2s 2} =tsin(t) and £7} [ — } = tcos (kt)

(s?+1) +1)°
Q: Can we do anything with these?

$2—1 1 2

Observe: 5211)2 41 T (s2p1)?

> (Using Partial Fraction Decomposition.)

2 1 s2—1

(s241)2 2L (s24+1)2

ThllS £ 1 [Tl)} = £_1 [# — ﬁ] = £_1 [ﬁ] - £_1 |:(582_:11)2i| == Sln(t) —
tcos (t)

(Using Formulas #6, 14 on A Table of Laplace Transform Inverses)

ie, £~ 1[ }:sin(t)—tcos(t)

s2+1)2




15 52435436
© s(s2+135+36)

£—1 52435436 —299
s(s2+13s+36) T

This doesn’t even come remotely close to fitting any form given on A Table of Laplace
Transform Inverses - We must re-express F' (s), using Partial Fraction Decomposition

52435436 s243s+36 __ c1 424 _c3

s(s2+135436)  s(s+9)(s+4) s ' (s4+9) ' (s+4)

=52 +35+36=c1(s+9)(s+4) +cs(s+4)+c3s(s+9)

Let s=0

= 36 = ¢; (9) (4) = 36,
=c =1

Let s = -9

Y

(=9)% +3(=9) 4 36 = ¢ (—9) ((—9) + 4)
i.e. 90 = 45¢,
= Cy = 2

Let s = —4

= (—=4)° +3(—4) +36 = ¢35 (—4) ((—4) 4+ 9)
i.e. 40 = —20c3
= C3 = —2

&

-1 s24+3s+36 _ p—11 2 2 . p—17T1 -1 1 -1 1
[5(52+135+36)] =4 [Z + (s+9) (s+4)] =4 [E} +2£ [(s+9)] —2£ [(s+4)}
=142 —2e ¥

(Using Formulas #1, 4 on A Table of Laplace Transform Inverses)

: -1 s2+35+36 _ -9t _ o, —4t
ie, £ [—5(52+135+36)] =1+2e 2e




16.

17.

2445436
(s2—-4)

Using Partial Fraction Decomposition, we have:

S +4s+36 1
(s2—4)? 542

_%‘i‘ 2+

(s=2) (S+2)

Hence, £~} [—52+4S+§6] = L1 [L - L+

2 3
(s2—4) s5+2 (s+2)? + (5—2)2]

—1 1 —1 1 -1 1 —1 1
£ [ L) - £ ] 2 [k aet [ ]
= e 72 — 2t + 2te™? 4 3te*

(Using Formulas #4, 5 on A Table of Laplace Transform Inverses)

ie., £~} [—Sz;fggﬁ] = e 2 — 2t 4 2te™2 4 3Jte*

52425453
(s+2)(s2+49)

Using Partial Fraction Decomposition, we have:

52425453 +
s+2)(s24+49) s+2 2+49
(s+2)(

-1 | _s%42s453 171
Hence, £ [(H;)(ﬁ] £~ [s+_2+s2+49}

= £ [ 4267 [k

I want £‘1[
£ SE

52i49] to fit formula #6 on A Table of Laplace Transform Inverses:
SQHA = sin (kt)

So, I will multiply the numerator by k = 7, and divide by k£ = 7.

£ [(sstJS%sS;ij)} = £ [s+2 + 2+49] =L [%} +2£71 [ 2i49}

= £ [hg] 207 [halg] = £ [h] 4 26 [l
=e 242 Sm(?t)

(Using Formulas #4, 6 on A Table of Laplace Transform Inverses)

) 1 [ s249s _ .
ie., £71 [M%?Tff%} = e 2 + 25in (7¢)




18.

19.

20.

5243518
s(s2—6s+9)

Using Partial Fraction Decomposition, we have:

s243s—18 __ (s4+6)(s=3) _ (s+6) _ 3 _ 2
s(s?—65+9) —  s(s—3)°  s(s—3)  s—3 s

—1 | s243s—=18 | _ p— 3 271 _ — 1 ~1T1
Hence, £ ! |:5(s;_—65+9):| = £ [5—3 B g] =3L7 [3—3] —2£71 [ }

= 3e3t — 2

(Using Formulas #1, 4 on A Table of Laplace Transform Inverses)

: —1 | s2435—18 | _ 9,3t _
ie., £ [—5(52—65+9)] = 3e 2

s2—s+1
s3(s+1)

25—3

(s+1)*+16



