MTH 3311 - Practice Test #1 - Solutions
SPRING 2017

Pat Rossi Name

1. Test the First-Order, Linear Differential Equation for exactness. If the equation is exact, find the
solution.

(1223 + 4y3) dz + (6 cosy + 12zy?) dy = 0

(12353 + 4y3)da: + (6 cosy + 12xy2)dy =0

M (z,y) N(z,y)
By convention, we let M (x,y) be the co-factor of dz and we let N (z,y) be the co-factor of dy.
ie., M (z,y) = 1223 + 4y3 and N (x,y) = 6 cosy + 12zy?

If the Differential equation is exact, then %—M = %—N
Yy xr

Check: %—f =12y% = %—]X

Thus, the equation IS exact, and there exists a function U (z,y) such that the equation U (z,y) = C
relates the solution y implicitly as a function of x.

To find U (z,y) , we compute the integrals [ M (z,y) dz and [ N (z,y)dy.
U(z,y) = [ M (z,y)de = [ (122° + 4y®) dz = 3z* + 4z + f (y) + C
U(z,y) =[N (z,y)dy = [ (6cos(y) + 12zy*) dy = 6sin (y) + 4ay® + g (z) + C

To find the unknown functions f (y) and g (z), we compare [ M (z,y)dz and [ N (z,y) dy.

U(z,y) = 32* + 4day® + fly) + C
T T T T
U(z,y) = g(x) + 4daxy> + 6sin(y) + C

Thus, f (y) = 6sin(y) and g (z) = 324

Our solution y = y () is given implicitly by the equation U (x,y) = C

3z + 4ay® + 65sin (y) = C




2. Solve the differential equation % =22+ ””Tj, subject to the initial condition y (3) = 0 (Assume that

y=0)
Let’s see if we can separate the variables.

dy — 22 4

2 dy _ .2 1 dy _ .2 (y+1 y .2
= > 5=z (1+§>:>%—a: gr= :>—y+1dy—mdac

L
Yy Yy

Integrate:

i #dy = [2%dz

Scratchwork:

fyildy:f(Zﬁ—y%)dy:f(l—yi1>dy:yfln(y+l)+0

Back to our equation:
fﬁdy:fmzdméy—ln(y—i—l)—l—C: ;¥ =y—In(y+1)—323=C
Incorporating the initial condition, y (3) = 0, we have:

0)—In((0)+1)—13)?°=C

W

=C=-9

Our solution y is expressed implicitly by the equation:

y—In(y+1)— 32°=-9




3. Solve the differential equation 3y’ —y = —x~3e®.

Rewriting the equation slightly as:

This fits the form:

Yy +P(x)y=Q(z), with P(z)=—1, and Q (z) = -2 3"
We can solve this using the “Integrating Factor Method”

1. Compute the integrating factor:

ef P(z)de _ ef—ldm —e T

2. Multiply both sides by the integrating factor

! ,—x

ye

x

—e Ty = (f:c’gez) e~
3. Express the left hand side as the derivative of a product

d
dx

—Z

= = e Py = —a~
4. Integrate both sides w.r.t. z.

Ik % e "yldx = [ (—x’?’) dr=e*y= [ (—:c*3) de = %x’2 +C
ie, e Fy= %x_Z +C

=y=c"(327240)

Our solution y is given by the equation:

y=e (2 +0)




4. Solve the differential equation (xy + 4y% + 9x2) dx — z2dy =0

We might be able to re-express this in the form: % = f (%)

dx T
(zy + 4y? + 92%) dx — 2%dy = 0
= (zy+4y? +922) — 22X =0

= —xz% = —zy — 4y — 922

Substituting, we have:
v+ x% =v+4v2+9 Now Separate!

@m%:4v2+9

= dv = %dx Now Integrate!

_1
49249

L _du=[Lldx
f4v +9 fa:

Scratchwork: Let a = 3; u = 2v; du = 2dv; %du =dv

L _dv=[—t51du=1Larctan (%) = L arctan (&
4v249 u?+a? 2 2a a 6 3

Back to our Integrals:

L _dv=[1ldx
f4v +9 fm

BT

= tarctan (%) = In|z|+ C = arctan (2¢) = In (2%) + C' = arctan (2(3)> =In (2% +C

= arctan (%) =In (1:6) +C

Our solution y is given implicitly by the equation:

arctan (%) =In (mﬁ) +C




5. Test the First-Order, Linear Differential Equation for exactness. If the equation is exact, find the
solution.

(169L‘3y2 + 12xy2) dx + (8ya:4 + 12yz? — 36_9) dy=0

(16373y2 + 12xy2)dgc + (8ya:4 +12y2? — Be_y)dy =0

M(z,y) N(zy)
By convention, we let M (x,y) be the co-factor of dz and we let N (z,y) be the co-factor of dy.

ie., M (x,y) = 162%y* + 122y? and N (z,y) = S8yx* + 12ya? — 3e7¥

If the Differential equation is exact, then %—Aj = 8—];[

Check: G = 32ya® + 24yz = §T

Thus, the equation IS exact, and there exists a function U (z,y) such that the equation U (z,y) = C
relates the solution y implicitly as a function of x.

To find U (z,y) , we compute the integrals [ M (z,y)dz and [ N (z,y) dy.
Ul(z,y) = [ M (z,y)de = [ (162%y* + 122y?) dz = 4a*y® + 62°y* + f (y) + C
Ulz,y) = [ N(z,y)dy = [ (Bya* + 12yz> — 3e7¥) dy = 3e™¥ + 62°y> + 4a'y® + g () + C

To find the unknown functions f (y) and g (x), we compare [ M (z,y)dz and [ N (z,y) dy.

U(z,y) = 0 + da*y®> + 622> + f(y) + C
T T T T
U(z,y) = g(@) + 4da*y®> + 62%¢9> + 3¢V + C

Thus, f (y) =3e Y and g (x) =0

Our solution y = y () is given implicitly by the equation U (z,y) = C

daty? + 622y? +3e Y =C




6. Solve the differential equation 3 =

dy r+2
)

Let’s see if we can separate the variables.

dy — 2%2 = y?dy = (r + 2)dz (Yipes! I didn’t expect it to be THAT easy!)
Integrate:

Jvidy=[(z+2)de = 3y =32> + 20+ C = y* = 32> + 62+ C
Incorporating the initial condition, y (2) = 3, we have:

B’ =202°+6(2)+C=21=18+C

=C=9

=

Thus, y* = 222 + 624+ 9 = y = (222 + 62+ 9)

Our solution y is given by:

Wl

yz(%m2+6x+9)‘

, subject to the initial condition y (2) = 3



7. Solve the differential equation y’' 4 cot (z)y = = (Assume that 0 <z < §)
This fits the form:
v +P(x)y=Q (z), with P(x)=cot(z), and Q (z) ==
We can solve this using the “Integrating Factor Method”
1. Compute the integrating factor:
el P@)dz — of cotl@)dz — on(sin(@)) — gip (z)
2. Multiply both sides by the integrating factor
y' sin (z) 4 cot (x) sin (x) y = z sin (x)
3. Express the left hand side as the derivative of a product
= 4 [sin () y] = wsin (z)
4. Integrate both sides w.r.t. x.
J (4 [sin (2) y]) do = [z sin(z) dz

= sin(z)y = f\gi_/sin (x)dx = \:v/(— cos (z)) — [ (—cos (m))\dzc_/: —xcos(z) +sin (z) + C

w dv uw v v du
= sin(z)y = —zcos(x) +sin(z) + C =y = —xcot (x) + 1 + C csc ()
ie,y=—xcot(x)+ 14 Cecsc(x)

Our solution y is given by the equation:

y = —zcot (z)+ 1+ Ccsc(x)




8. Solve the differential equation (ave% — y) dxr = —xdy

We might be able to re-express this in the form: % =f(%)

= (:Ueg —y) = —x%
(et - 1) - -2

d Yy o d /
== (F-er) (e, Z=7(2)
— ¥ — dy _ du
let v=2 (ie,y=vz) = 3 =v+a5’
ﬂ:

Substituting into the equation 5% (% — e%) , we have:

v+ a:g—; =v —e” Now Separate!

dv _ v
éxdx* e

e Vdv = f%da: Now Integrate!
fetdv=—[L1dz = —e ¥ =—In|z|+C = e’ =Inlz|+ C;
Now re-express in terms of z and y

Y
T

=e¢ = =Inlz|+Cy

Our solution y is given implicitly by the equation:

Y
x

=ln|z|+C




9. Test the First-Order, Linear Differential Equation for exactness. If the equation is exact, find the
solution.

(4x3y2 + 2xy2) dr + (8954 + 12372) dy=0

(4x3y2 + 2xy2)d:13 + (8:104 + 12x2)dy =0

M(z,y) N(z,y)
By convention, we let M (x,y) be the co-factor of dz and we let N (z,y) be the co-factor of dy.

ie., M (x,y) = 423y? + 229? and N (x,y) = 8z* + 1222

oM __ ON

If the Differential equation is exact, then %~ = 5
Yy xr

Check: G = 8ya® + dyx # 322° + 240 = G

The equation is NOT Exact




2y+1

10. Solve the differential equation g—y = subject to the initial condition y(4) =

T r—3 7

x,y > 0)

Let’s see if we can separate the variables.

dy 205l 2y+1dy = —Lodx (Yipes — Another easy one!)
Integrate:

S 2y+1dy = [ igda

Scratchwork:

=[idu=%[Ldu=iln(u)+C=3In(2y+1)+C

Back to our equation:
f2y+1dy—f%_3d£c:> inQ2y+1)=In(z-3)+C=mQ2y+1)=2h(z-3)+C

=In(2y+1)=In(z— 3)2 +C = enytl) — eln(@=3)°+C 2+ 1= eln(z=3)% ,C

= y+ g =Cre D =y = Cren@=d)” _%=>y=C1(Jc—3)2_%
ie,y=C(z— 3)2 — %
Incorporating the initial condition, y (4) = 1, we have:

(1)=C1(4-3)° -

=

:>01:*

Our solution y is expressed implicitly by the equation:

y=3@@-3)"-3

10

1 (Assume that



11. Solve the differential equation xy’ +y = z* + 22 (Assume that z > 0)

Rewriting the equation as:
1
y +-y=2"+u,
x
This fits the form:

v+ P(z)y=Q(z), WithP(aﬁ):%, and Q (z) =2* + 2

We can solve this using the “Integrating Factor Method”
1. Compute the integrating factor:

el P@)ds — of 2dz — oIn((2)) — 4

2. Multiply both sides by the integrating factor

Yo +ziy =2 (2% +2)

ie., yr+ 1y = z* 4 22

3. Express the left hand side as the derivative of a product

d
dx

[ay] = 2t + a2

4. Integrate both sides w.r.t. z

= J (& o) do = [ (a* +02) da
=>xy=%x5+%x3+0:>y: %x4+%x2+033_1

ie,y= %1‘4 + %xQ +Cz!

Our solution y is given by the equation:

y=tat+ 12?4+ Co!

11



12. Solve the differential equation zydz — (2% — y?) dy = 0 (Assume that z,y > 0)

We might be able to re-express this in the form: % = f (£)
ayde — (2% — ) dy =0
= ay — (2% —y?) £ =0
= — (22— y?) L = —ay

_ Ty
& = @)

I8 e

% =1 (%)2 (ie., % =f(%)

_ Y (3 _ dy __ dv
let v="2 (ie,y=vr)= F =v+a5

Y
Substituting into the equation b —

& = (2 we have:

v+ x% = 1}1;2 Now Separate!

dv __ v _ _ v _ v—v3 _ 3
Lie = 102 V=12 1—v2 = 1—v2
. dv __ V3
1.€e., .T% = 12
= 12y = 1dr Now Integrate!

—+—dv = dx Now Integrate!

[y = [ Lde

v

Scratchwork:

f1;§’2dv:f(v%—%)dv:f(v_?’—%)dv:%—ln(v):—ﬁ—ln(v)—i—C

Back to our equation:

[ =l = [ Ldx

3

= —5 —In(v) + C = In ()

202

Re-express in terms of x and y.

é—%)?—ln(%)—kCzln(i)

2(
= —2(%)2 — (In(y) - In(z)) + C = In(z)
=~y ~ @+ (@) +C = (@)
= apy T +C=0
= 2 fln(y) =C

12



Our solution y is given implicitly by the equation:

27 tIn(y) =C

13



13. Test the First-Order, Linear Differential Equation for exactness. If the equation is exact, find the
solution.

(cos (z) + 3ye™) dx + (tan? (y) + 3ze™ + 1) dy = 0

(cos () + 3ye™)dz + (tan? (y) + 3ze™ + 1)dy =0
—_——

M(z’y) N(w»y)
By convention, we let M (x,y) be the co-factor of dz and we let N (z,y) be the co-factor of dy.

i.e., M (x,y) = cos (z) + 3ye™ and N (x,y) = tan? (y) + 3ze*¥ + 1

If the Differential equation is exact, then %—Aj = 8—];[

Check: %—,]\; = 3e™ + 3zye™ = %—g

Thus, the equation IS exact, and there exists a function U (z,y) such that the equation U (z,y) = C
relates the solution y implicitly as a function of x.

To find U (z,y) , we compute the integrals [ M (z,y)dz and [ N (z,y) dy.
Ul(z,y) = [ M (z,y)de = [ (cos(x) + 3ye™) dx = sin (z) + 3¢ + f (y) + C
U(z,y) = [ N(2,y)dy = [ (tan® (y) + 3we™ + 1) dy = tan (y) + 3¢ + g (z) + C

To find the unknown functions f (y) and g (x), we compare [ M (z,y)dz and [ N (z,y) dy.

Uz,y) = sin(z) + 3% + f(y) + C
T T T T
U(z,y) = g@) + 3¢ + tan(y) + C

Thus, f (y) = tan (y) and g (z) = sin (x)

Our solution y = y (x) is given implicitly by the equation U (z,y) = C

sin (z) + 3e™¥ + tan (y) = C

14



14. Solve the differential equation % =z —xy —y+ 1. (Assume that y > 1)
Let’s see if we can separate the variables.
% :xfxynyrli% =z(l—-y)+(1-y) = Z—:yc:(erl)(lfy):s ﬁdy:(erl)dz
Integrate:
fﬁdy:f(x+1)d:c:> —In(y-1)=12+2+C=n(y—-1)=-122—2+C;
= eln(y—1) = =32 —e+C1 o y—1= e~ 37 =201 o Y= Cge_%””Q_”” +1

Our solution y is given by the equation:

Y= C’ge_%zz‘_z +1

15



15. Solve the differential equation cos (x)y’ +y = 10 Assume that 0 <z < §

Rewriting the equation as:
y' +sec(x)y = 10sec (z),

This fits the form:
v+ P(z)y=Q (z), with P(z)=sec(z), and Q (z) = 10sec (z)
We can solve this using the “Integrating Factor Method”
1. Compute the integrating factor:
e P@)dz _ of sec(a)dz _ gln(sec(w)+tan(x)) — gec (z) + tan (z)
2. Multiply both sides by the integrating factor
Y (sec (x) + tan (z)) + (sec (z) + tan (x)) sec (z) y = 10sec (x) (sec (z) + tan (z))
= 1/ (sec (z) + tan (z)) + (sec? (z) + sec (z) tan (z)) y = (10sec? (z) + 10sec () tan (z))
3. Express the left hand side as the derivative of a product
= 4 [(sec(z) + tan (z)) y] = (10sec? (z) + 10sec (z) tan (z))
4. Integrate both sides w.r.t. «
= [ (4 [(sec (z) + tan (z)) y]) dz = [ (10sec? (x) + 10sec (z) tan (z)) dz
= (sec (z) +tan (z)) y = 10tan (z) 4+ 10sec (z) + C

: _ c _ C sec(x)—tan(z)) —
ie, y =10+ om ey = ¥ = 10+ cemrrmne) (sizgngt:n(x) =y =10+ C (sec (z) — tan (x))

ie,y =10+ C(sec(z) — tan(x))

Our solution y is given by the equation:

y =10+ C (sec (z) — tan (z))

Alternative Solution appears on the next page.

16



Alternative Solution:

Alternatively, we can solve this equation using Separation of Variables.
Given: cos(z)y' +y =10 And assuming that 0 <z < 7

We can rewrite the equation as:

y' + sec(z)y = 10sec (z)

Let’s see if we can separate the variables.

=1y’ = 10sec (z) — sec (z) y

=1y = (10 — y) sec (z)

= % = (10 — y) sec (z)

= o= ydy =sec (z)dx Integrate!

i ﬁdy = [sec(z)dx

Scratchwork:

1
flO ydy =[i(-du)=—[ldu=—-Inlu/+C=-In[10-y|+C

N———du

g~

Back to our integrals:
E=r ydy—fsec x)dw

= —In|10 — y| = In|sec (x) + tan (z)| + C
(Since 0 < z < 7, we can discard absolute value bars on the right side of the equation.)
= —1In|10 — y| = In (sec (z) + tan (z)) + C
= ¢~ In[10—y| — ln(sec(z)+tan(z))+C _ pln(sec(z)+tan(z)) C — (sec () + tan (x))
= 0" — ' (sec (z) + tan (z))
‘10 = = C (sec(x) + tan (z))

(Since C' can be positive or negative, we don’t need the remaining absolute value bars)

(sec(xz)—tan(z) - sec(z)—tan(xz) __ c, sec(z 1tan(a:)

— 1 _ 1
= (]‘0 - y) =G (sec(z)+tan(z)) — 1 (sec(z)+tan(z)) (sec(z)— tan(aﬂ)) sec?(z)—tan2(z)
ie., (10 —y) = Cy (sec (z) — tan (z))
=y — 10 = C;y (sec (z) — tan (x))

Our solution y is given by the equation:

y =10+ C (sec (z) — tan (z))

17



16. Solve the differential equation (z® + y*) do — zy?dy = 0; y (1) = 0 (Assume that = > 0)
We might be able to re-express this in the form: % =f(%)
(m3 + y3) dr — xy’dy = 0

= (2% +¢°) —ay? ¥ =

= —xyz% = - (x?’ + y?’)
dy _ (2°+1°)
= ﬁ - zy?

- 2

L () (%) 1?57)

a 23 =
3
. 14(2
ie., g—g = (2) Now Separate!

& ke

(2)°
dy _

: d
letv="2 (ie,y=vz)=> FE =v+z

@_1+v3
=2V+ Ty, = o

dv 14w _ 1498 1402 0% 1 -2
= Tz v2 - 02 w2 0z 2 = U
Le., zd =y~2

= v2dv = %dﬂc Now Integrate!
= [v2dv = [Lldz

=10 =In(z)+C

Re-express in terms of x and y

Our solution y is given by the equation:

y = (32%In(z) + C)%

18



