MTH 3331 Test #2 - Solutions
SUMMER 2013

Pat Rossi Name

Instructions. Show clearly how you arrive at your answers.
1. State the Cauchy-Schwarz Inequality.

For vectors, u and v in R",

[aov| < [l |[¥]

with equality exactly when u =kv, for any scalar, k.
2. State the Triangle Inequality and give its geometric interpretation.

For vectors, u and v in R",

o+ Vi < [af| + ||v]]

with equality exactly when @ =kv, for any scalar, k£ > 0.

This means that no side of a triangle has greater length that the sums of the lengths
of the other two sides.

3. Find the norm or “length” of the vectors 1 = (3,4,12) and v = (4,4,5, —2)

@] = |[(3,4,12)|| = V3% + 42 + 122 = /169 = 13

I19]] = [|(4,4,5, —2)|| = \/42+42+52+<_2)2: il

4. Given that 1 =(1,2,3,4) and v = (3,1,2,1), compute the dot product uov.

uov=(1,2,3,4)0(3,1,2,1) =(3+2+6+4) =15

5. Find cos (6), where 6 is the angle between vectors @ = (2,4,1) and v = (—2,2, —4)

. uov - (2,4,1)0(72,2,74) . 0 .
cos (0) = gifien = MeADM 201 — vaivei = °

ie., cos(f) =0



6. Find a unit vector that has the same direction as the vector (—1,4,3).

(a) To form such a vector, we divide this vector by its length.

~ (—1,4,3)

i (-143) _ <_; 4 i) (@ 2V26 3%)
TI(=1,43)]] T V141649 V26° 26 v26) — \ 26 13 ' 26

7. Let u=(1,1,2) and v = (k,0,3) . Choose k such that: u and v are orthogonal.

(a) u and v are orthogonal.
If u and v are orthogonal, then uo v =0
So we want, uov =(1,1,2) o (k£,0,3) =k+6 =0
=k=—-6

8. Solve the system of equations below:

r1 + 1z + 213 = 9
201 + 4dx9 — 3x3 = 1
3371 + 6?[72 — 51‘3 =

Form the augmented matrix, and reduce:

11 29 11 2 9 11 2 9
24 31|=|02 -7 -17|=|01 -1 ¥
36 =50 0 3 —11 —27 0 3 —11 -27
(11 2 9 11 2 9 1103
=01 -7 - l=]01 -] -T|=]0102]|=
00 -1 -3 00 1 3 0013
-ZL‘l 1
= |z | = | 2
_1’3 3

OO =

o = O

_= o O

W N =



9. Compute A~! if

10.

3 2 —1
A=|-2 6 I
1
-1 -1 1
Form the augmented matrix, and reduce:
3 2-1100 1 2 -2 £ 00
—26%010:>—26%010
-1 -1 1001 -1 -1 1+ 001
r 2 11 7 r 2 _1 1 1
= 32 03 = 3 2 3
-1 -1 001 [0 - 0 5 0 1]
B 2 1 1 7 r¢4 2 1 1 T
NS B N I
L0 =5 0 5 01} |0 M 11 oz L
r4+ 2 1 1 2 1 1
15—3515:90 12 -1 Lo o
=01 2 &L 2 0|= 1 0 -10 -3
0 1 16 2 44 0 1 16 2 44
1 2 17 2 44 19 2 50
130 35 35 3 Loo 3 35 3%
=010 -10 -3|=|010-10 -3
0 1 16 2 44 0 1 16 2 44
19 2 50
3 3
je, A l=| -1 0 -3
16 2 44

Solve the systems below, in the most economical way possible:

Since the coefficient ,matrix in each system is the matrix from the previous problem,
the most convenient way to solve the system is to use A~! from the previous problem,

as follows: [A] [7] = [5] = [1] = [A7Y] [6]

(a) 3z + 225 — zx3 = 20
—2I1 + 6.132 + %l’g = 5
—r1 — T9 + %Ig = 5
zo | = -1 0 =3 51 =1 —-35
T3 16 2 44 5 550



(b) 31’1 -+ 2.732 — r3 = 10
—2z1 + 6xp + Izz = 10
—rT — ) —+ %1‘3 = 10

x9 | = -1 0 =3 10 | = | —40

T3 16 2 44 10 620
(c) 3z, + 229 — a3 = —2
—2r7 + 6xy + %xg = 2
—r1T — T + %l’g = 6

19 2 50 266

1 303 s || 2 5

2 | = -1 0 -3 2| =1 —16

T3 16 2 44 6 236

11. Determine the equation of the plane which contains the point (3, —1,2), and which
has normal vector (1, —1,5).

First, note that if (z,y, z) is any point in the plane, then (z — 3,y — (=1),2 —2) =

(x — 3,y + 1,z — 2) isa vector in the plane. Hence, vectors (1, —1,5) and (x — 3,y + 1,z — 2)
must be perpendicular. Thus, (1,—1,5) o (z — 3,y + 1,2 —2) = 0.
=(x—-3)—(y+1)+5(:—-2)=0

=r—-3—-—y—1452-10=0

= x — y + bz = 14 is the equation of the plane that we seek.



12. Find the parametric equations of the line which contains the points (3,1, —2) and
(1,-1,5).

Note that if (3,1,—2) and (1, —1,5) are points on the line that we seek,

then (3—1,1—(—1),—-2—5) = (2,2,-7) is a vector that is parallel to the line that
we seek.

Also, if (z,y, z) is any point on the line that we seek, then (x — 1,y — (=1),2z —5) =
(x — 1,y + 1,z — 5) is a vector parallel to that line.

Hence, (x — 1,y + 1,2z — 5) = k (2,2, —7) for some scalar, k.

= (v — 1,y + 1,2 —5) = (2k, 2k, —Tk)

= -1 = 2k
y+1 = 2k
z—5 = =Tk
= = 2k+1 are the parametric equations of the line that we seek.
y = 2k—-1
z = —Tk+5



13. Solve the system of equations by reducing the augmented matrix to row-reduced ech-

elon form.
ry + 2%2 + T3 + Ty = 2
xrT — Tro + 4[L‘3 + 41’4 = —4
2:81 + To + 51’3 + 5£B4 = =2
311 + 923 + 924 = —6

Form the augmented matrix, and reduce:

1 211 2 1 211 2 1 2 1 1 2
1 -1 4 4 —4 0 -3 33 —6 0 1 -1 -1 2
9 155 2710 -333 6|0 -3 3 3 —6
3 99 —6 0 —6 6 6 —12 0 6 6 6 —12
12 1 12 10 3 3 -9
01 -1 —1 2 01 -1 -1 2

“1loo o oo~ ]loo 0o 0 o
00 0 00 00 0 0 0

Pivot Variables Free Variables
T1 T3
X2 Lyg

Find a particular solution by setting the free variables equal to zero.
Eq. 1 yields xy = —2

Eq. 2 yields x9 =2

T —2

i) 2 . . .
= Xp = = is a particular solution

xs3 0

T4 0

Next, form the related homogeneous system.

10 3 30
01 -1 -1 0
00 0 0O
00 0 0O



To parameterize the free variables.
Let 23 = Kk

and x4 = ko

Eq. 1 yields:

1+ 33+ 314 =0
=11 = —3x3 — 3T4
= 11 = —3k1 — 3ky
Eq. 2 yields:

To— 23— T4 =0

= To = T3+ T4

= To = k1 + ko

Our general homogeneous solutions is

T -3 -3
T 1 1
Th= xz =k 1 ks 0
Ty 0 1
Our general solution is given by:
T -2 -3
To 2 1
Xg=| 4 | =X T X = ol TR
Ty 0 O

+ ko

—_— O = W



14. Given the system

1 4 2 T 1
2 5 1 ) = 5
11 -1 T3 4

the row-reduced form of the augmented matrix is

1 0 -2 5
01 1 |-1
00 O 0

Write the solution set of this system as a linear combination of 3-tuples.

Pivot Variables Free Variables
T xs
X2

Find a particular solution by setting the free variables equal to zero.
Eq. 1 yields 1 =5

Eq. 2 yields x5 = —1

T 5
=X,= | 22 | = | —1 is a particular solution
xs3 0

10 -2 10
01 110
00 010

To parameterize the free variables.
Let 23 = Kk

Eq. 1 yields:

T, — 223 =0

= 11 = 223

=11 = 2k



Eq. 2 yields:
To+x3=0

= Tg = —T3
= 19 = —k

Our general homogeneous solutions is

I 2
Tp = i) = kl -1
T3 1

Our general solution is given by:

I 5
Xg= | T2 | =X, +Xp=| -1 | + &
T3 0



