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Instructions. In exercises 1 - 9 determine whether the given series converges or diverges.
oo n+l 1
L. Zn:l (_1) n?

The series is alternating.

1 1
(a) nZ > m SO Gy, >an+1

(b) limy, 00 # =0, so lim,,—o0 @, = 0

The series converges by the alternating series test.

Le, >0, (=1)"" L converges by the Alternating Series Test.

n2
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2 ¥ (-1 o
The series is alternating.
(a) ﬁ > m because 2 (n + 1)! > (2n)!. So ay, > ant1

(b) lim,— ﬁ =0, so lim,, o0 a, =0

The series converges by the alternating series test.

e, 3% (-t ﬁ converges by the Alternating Series Test.

1n
30300 (1) et

This series is alternating.

However, lim,, o Z_izl; =1 # 0. This means that lim,, . a, # 0.

Therefore, the series diverges.

. 1 .
Le, Y00 (—1)" ntr diverges because ay, - 0
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4300 )" e

The series is alternating.

(a) 1n(n1+2) > ln[(nil)+2] because In[(n+1) +2] =In(n+3) > In(n + 2).
(Because In (x) is increasing. We know this beacuse of what the graph of In (x) looks like.)
= Ay > Gpy
1

(b) hmn_,oo m = O’ SO hmn_,oo Ay = O

Therefore, the series converges by the alternating series test.

Le, >0, (1)t ln(nl+2) converges by the Alternating Series Test.

5. 3ol1 By

We will get a lot of the factors in numerator and denominator to cancel if we use the Ratio Test, so
let’s use it.

. anir| _p; BT | _ g (nt1)! @) _ (1)l (2n)!

My —oo | == | = HMln—oo T = Mn—oo Ry "~ — Mn—oo Ert2)l ~ al
T (n+1)-n! . 2n)! _ 4. n41 T _ontl
= limy, oo 2nt2)(@ntD@n)  al T limy, o0 2nt2)(2ntl) limy, 00 25675 = 0

< 1. By the Ratio Test, the series converges.

. Api1
So limy, o0 |25

n

Le, >0, @”—n'), converges by the Ratio Test.

6. ZOO (_1)n (2n—1)!

n=1 en

Again, if we use the Ratio Test, a lot of factors of a,, and a,41 will cancel.

(71)n+1 @2(n+1)—1)!

. Ant1| _ 12 1 s (2n+1)! en
hmnﬂoo an | 11mn~>oo ‘ —)" (2n;1)! - hmnﬂoo Tentl m
e
T 2n+1)(2n)(2n—1)! e 1 2n+1)(2n)
= limy, oo ( )(e~e7)l( L (2n—1)! — limy, o0 e -

So lim,, o

%) > 1. By the Ratio Test, the series diverges.

n

fe, Y200 (—=1)" €22 giverges by the Ratio Test.

en




7.3 n? (%)n

Since the main feature of a,, is something raised to the n'* power, we can get rid of the exponent by
using the n!” root test, so let’s use it!

limy, oo /a7 = lim, o {/n? (%)" = lim,,_, o V/n2 1/ (%)" = lim, . VN2 (%) = (%) lim,, o V/n2

= (@) tim e (7" = (2) (i, wm) =21 =4

Recall: lim, o ¥n=1

Since lim,, o, /a, = % < 1, The series converges by the n'” root test.

fe., S0° n? (2)" converges by the n*" Root Test.

o (1, 1\"
8. Zn:l (§ + E)
Again, the main feature of a,, is something raised to the n*" power, so let’s use the n'” root test.

o 7 = i 3/ (34 2)" =l (54 2) = &

Since lim,, o, ¥/a, = % < 1, the series converges by the nt" root test.

ie, 300 (3 +2)" converges by the n*" Root Test.

9. 3y n" (%)n
Using the n'" root test, we have:
limy,— oo ¥y = lim,_ oo /N (%)" =limy, oo VN Y (%)" =lim, e (2) =

Since lim,_,~ /a, = oo > 1, The series diverges by the nt? root test.

ie, Yoo n" (%)n diverges by the n'”* Root Test.




In exercises 10 - 12, determine whether the given series is divergent, conditionally convergent, or absolutely
convergent.

10. Y02, ()" &
Consider Y7, |a,| = > - 2.

n=1 nl

Using the Ratio Test, we have:

ont1
: nt1| _ 1 (n¥ D! _ 1: 2ntl pl g 2.2" nl _1; 2 _
limy, oo |25 | = limy, 0 "g = lim, 00 o = lim,, T o = lim,, = 0
n:
. . Ant1 _ . o0 2m
Since lim,, .o |25 = 0 < 1, the series )~ | <+ converges.

Thus, the series Y 00, (—1)" 2} converges absolutely.

Le., Y07 (—1)" Z; converges absolutely.




11.

+1 1
Yot D™ mmry

()™ by

Consider Y 07, |a,| = > - Tn(nT1)

n=1

S
— Zun=1 In(n+1)

It is helpful for us to know that In (z) < . This can be seen by looking at the graphs of y = = and
y =In(x).

y=xand y = In (z)

Since In (z) < z, it follows that In (z + 1) < 4 1, and hence, xL-H < m

1

n+1 <

From this, we see that m

It follows that 07 —L1 > | —L= which is the harmonic series,

n=1 In(n+1) n=1 n+4+1
with first term % Therefore, the series does not converge absolutely.

diverges by direct comparison to

n+1 1
In(n+1)

However, the original series Y >~ (—1) is alternating.

1 1
(@) meTD > eI 5O Gn > Antl

1

(b) lim,— D) = 0, so lim,,_,s an, = 0.

Therefore, > 7, (—1)"-|r1 converges by the alternating series test, and the series

11
ZZO:I (71)” In(n+1)

—1
In(n+1)

converges conditionally.

fe, >0, (=)t ln(nl+1) converges conditionally.




12. 3507 (-1)" @y

. 1 |
Consider Y207 lan| = S22, | (<1)" gy | = 021 iy
Using the Ratio Test, we have:

n+41)!

. A T [CICES) I ERT (n+1)! 2n)! _ 4. (n+1)! (2n)!
limy, o0 || = limy o el lim,, o0 QO At = limy,— 00 ey " al
s (n+1)n! (2n)! 4. +1

=m0 @ E A = Moo Trrenge = 0

Since lim,,_,

a

An+41
n

< 1, the series > 7, (QLn')' converges by the Ratio Test. Therefore, the series

S (=) (27;!)! converges absolutely.

Le, >0 (=1)" (QLn')' converges absolutely.

In problems 13 - 15 simplify (identify) the given expression.

3 4

13. 20 & = I+ p 2o

4

e”=2n°°:o“"n—7=1+x+€—?+3! Tt

[

This should be memorized!

. oo " z? z z* — T
1e,znzoﬁ—l+x+y+§—|—?+—e

o n p2ntl PR
14. Zn:O(_l) (eTESH =$—§+ﬁ _W—’_"'

00 n g2ntl 3 5 7

sin (z) = 32, (—1) Gt s tE owm A

This should be memorized!

. 2n+1 3 5 7 .
e, Yoo )" Gomi = —F + & — G ... =sin(2)

o'} n o, 2 4 .6
15, S (1) o =1t E Ly




16.

17.

s

Find the Taylor Series for f (x) = sin (z) centered at ¢ = 7.

(), .
Use: f(z) = 0 L8 (4 — )" with ¢ = T. First, we compute the first few derivatives of

n=0 n!

fO(z) = f' () = cos (z) = D) (%) = cos (%) = @

Find the Taylor Series for f (z) = % centered at ¢ = 2

First, we compute the first few derivatives of f (z).
O @) = f @) =L @) =}

O @) = 1 (0) =~ = O () = -

@) =" @) =% =P =2=1

O (@)= £ (@) =~ = [0 (2) =~ = -3
fO (@) == 0@ =3 =1

Therefore,




18. Find the Taylor Series for f(x) =1n (1 + x) centered at ¢ = 0.

First, we compute the first few derivatives of f (z).
fO4)=f@)=ln1+z)= fO0)=n1)=0
SO @) =1 @)= +a) " = D) =1=0

@ (@) =" @)= (1+2) " = [P ©0) = —1= -1
SO (@) =" (@) =2(1+2) " = [ (©0)=2=2

fW(2)=-2-3-(142) "= fH0)=-2-3=-3

Therefore:
e’} () (g n _ _
fla)=2=y> 10 G o"=04+%@ -0+ @0 +2 (-0 + 2 (@0 +...
_ "+1CEn
:x—%z—&-x—;—%—i—...—i—( Dn
ie,In(l4o)=g—2 4z —ziq 4 DT

In problems 19 - 20 use a known Taylor Series expansion to derive an expansion for the given function.

19. f(z) = =eosl@). 5 0,

Recall: cos(z) =1 -5+ & — & +...
Therefore,

z? zt zf z2 24 .
1*COS($):1*(1*E+—!*—!+---):gfgwtﬁ—...

and consequently:

—cos(x 2 24 26 - 23 25
- a;( ) :%(T_T+H_---> =5 —ar T e — -
+1 m2n—1
= chzl (_1)" 2n)!
1—cos(z +1 p2n—1 = i 5
L.e., z():ZZO:I( l)n (2n)'_5_ﬁ+ﬁ_
20. f (z) = cos (2?)
Let z = 22
Recall: cos(z):l—z—?+i—£;_%f+.”
22)2 2 4 22)°¢

Therefore, cos (xQ) = Co8 (Z) = —Z—T+1—T—E—?+ = 1_( zl) +( 4l) ( ()u) + = 1—2_?+Z_?_x@_1|2+




