MTH 3331 - Test #3 - Solutions
SPRING 2001

Pat Rossi Name

1. Solve, using the Method of Undetermined Coefficients: y” — 4y’ + 4y = e**
First, find the solution to the complementary equation y” — 4y’ + 4y =0
= m?—4m+4=0= (m—2)>=0=m =2 is a double root.
=y, = 1% + coxe®™
For the particular solution, we imagine that y, = Az?e?

(We use this instead of y, = Ae?*, because because e** and ze** are already part of
the homogeneous solution.)

=y, = 2Axe*” + 2Ax%e*

= Yy = 2Ae* + 4Axe® + 4Axe*” 4 4AxPe™

Simplifying, we have: y = 24e** 4 8Axe* + 4Ax*e*

To find A, we plug into the original equation, y” — 4y’ + 4y = €**

= 2A62I + 8Axe® + 4Axe® — 4 (2A9362” +2A4x%e 295) + 4 (A[L'2 2"’) = 2"
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y —4y! 4y
= 24 =2 = A =1 :> Yp = 2€2I

The solution to the original equation is: y = vy, + .

=>y=§ 2e2% 4 1% + cywe®

2. Solve, using Variation of Parameters: y” + y = csc (z)
First, find the solution to the complementary equation y” +y = 0
=m?+1=0=m= =i
= Yo = 16 + cpe”® = Acos (v) + Bsin ()

To find the general solution, we let y = A (z) cos (x) + B (z) sin (x)
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SIS

RESTRICTION #1 A(x) and B (z) are such that y = A (x) cos (z) + B (z) sin ()

actually IS a solution to the original equation y” + y = e**

=1y = A" (z)cos (z) — A(z)sin (z) + B’ (x)sin (x) + B (z) cos (z)
RESTRICTION #2 A’ (x)cos(z) + B (x)sin(z) =0
Simplifying, ¢/, we have: y' = —A (z)sin (z) + B (z) cos (z)

=y =—A (z)sin (z) — A(z)cos (z) + B’ (x) cos (x) — B (z) sin (z)
Plugging into the original equation, y” 4+ y = csc (z), we have:

= —A'(z)sin(xr) — A(x)cos(z) + B'(x)cos(z) — B(x)sin(z)
= A (x) cos () + B (z)sin(z)
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—A’ (x)sin (x) + B’ (x)cos(x) = csc(z)

Using this in conjunction with restriction #2, we have:

—A'(x)sin(z) + B (x)cos(z) = csc(z)
tan (z) [A (z)cos(z) + B'(x)sin(z)} = tan(x) 0]
B’ (z) r‘cigj((f)) + cos (x)J = csc(x)

= B'(x) [M] = csc (z) = B’ (2) [ 1 ] = csc(x) = B'(x) = cot (z)

cos(x) cos(x)

= B(z) =In|sin (z)| + Cs

Recall:
vV +y = — A’ (z)sin (z) + B'(z)cos(z) = csc(x)
—cot () [A'(z)cos(x) + B'(z)sin(z) = 0
—A' (2) {%&’3) + sin (SC)J = csc(x)

= —A' (z) [%] =csc(z) = —A' (x) [sinl(m)} =csc(x) = —A'(z) =1
= A'(z)=—-1
= A (l’) = —x -+ C4

The solution to the original equation, y” + y = csc (z) is

y=A(z)cos(z)+ B(z)sin(z) = y = (—x + C4) cos (z) + (In |sin (z)| + C5) sin (z)

y = —xcos () + lnsin (z)|sin (z) + Cy cos (z) + Cy sin (x)




3. Solve, first using Undetermined Coefficients, then using Variation of Parameters:

22y + 4oy — 4y = 2x

First, find the solution to the corresponding homogeneous equation, z2y” +4xy’ —4y = 0

This is an Euler’s Equation, so we expect the homogeneous soltuion to be of the form,

y=a*

=y = !
=y =AA-1)a* 2= (N —\)z 2
2,1

Plugging into the equation z°y” + 4xy’ — 4y = 0, we have:

552 ()\2 — )\) :U’\’i%— 4x ()\x’\’l)j — éx’)‘/ =0
4y

Vv Vv
CEQyN 4&7?/

= (A2 = A\) 2 + 42 — 42 = 0 = Vot 43Xt — 42 =0
SAN4E3N—4=0=> DA+ AN -1 = =4 =1
:>yc:clx’4+ch

To find the general solution, we can either us the Method of Undetermined Coefficients
or the Method of Variation of Parameters. (on succeeding pages)



Using Method of Undetermined Coefficients

Since the original equation is of the form: z%y” + 4xy’ — 4y = 2z,
We guess that y, = Az

However, this is essentially the same as one of the independent solutions of the com-
plementary equation cox.

So we modify our guess: y, = Aln(x)x

=y =A(n(z)-1+z-2)=A(n(z)+1)

=y = Al

Plugging these into the equation z2y” + 4xy’ — 4y = 2, we have:
2?y" 4+ 4y — dy = 2? A +42A(In(x) +1) —4AIn () =
=(A+4A)2+ (4A—4A)In(z) x = bAx =2
=54A=2=A=2

=y, =Aln(z)z=2ln(z)x

Our general solution is: y =y, + y. = 2In (z) z + c12™* + co




Using Method of Variation of Parameters
To find the general solution, let y = ¢; (z) 274 + 5 (z) x

RESTRICTION #1: ¢ (z) + ¢y (x) are such that y = ¢; (z) 27 + 3 (z) z actually
IS a solution to the original equation x2y” + 4xy’ — 4y = 2x.

=9y =c ()™ —dey (2) 270 + () T + o ()
RESTRICTION #2: ¢, ()4 +c,(2)x=0
=y = —dcy (2) 270 + ¢ ()

=y = —4c) (x) 27° + 20¢; (x) 27 + ¢ (x)

Plug these into the original equation, x2y” + 4xy' — 4y = 2x.

x2y” — —46'1 (1‘) 3 4+ 20¢ (l‘> rt 4+ 0/2 (:E) z?

\day _ — 16¢y (2) x4 + dey(z)w

—4y = — Aoy (x)a™! — do@e

2y +dry — 4y = —4d (z)x? + & (v)a? = 2

Combining this last equation with our second restriction, we have:

—4d) (z)z™® + dy(z)z* = 2
—x ¢ (z)x™? + d(x)z] = —=z[0]
—5¢) () a3 = 2z
Le, =5 (x)a 3 =20 =) (v) = —22* = ¢ (2) = =22 + O}
Recall:
2%y +day — 4y = —4cy (v) ™3 + d(z)r? = 2z
second restriction 4z [} (x) ™ + d(z)z] = 4z[0]
5y () 2? = 2

ie,bcy(z)a? =2z =dy(z) =227 = () = Z2In 2| + Oy

So the solution to the original equation, 2%y” + 4xy’ — 4y = 2z, is

y=c (@) t+e@r=y=(—22"+Cs) ™+ (Elnjz| + Cy) x

= 2ypInjz| + Caz~t + (=2 + C4) o = 2xlnja| + Caz~* + Csz

=Y = %xln\x! —+ Cgl'_4 + 051'




