Calc 2, Test 3 - SOLUTIONS
WINTER 1990

Pat Rossi Name
1. Compute: x?iﬁgwdx =
u=2x>+ 18z

du = (32% + 18) dx
sdu = (22 4+ 6) dz

Ty = [ ——— (2? +6)dr = [ . Lldu=1 [Lldu =
3418z 3 18 u 3 3J u
x —1—1 x_ldu_/

L 3
u

sInjul+C = inj2’ + 18| + C

. Compute: & [ein(@)Feos@)] —

u = sin (z) + cos (x)
du — cos () — sin (z)

dx
i [e(sin(x)Jrcos(x))] _ e(Sin(.’E)+COS(.’E)) . (COS (IL’) — ¢in (fL’))
dl‘ J/ u ~ v 4
d;dz\[reu] %

— elsin@)+eos(@) . (cos () — sin (7))

dx

4 [ln <e‘”2 - sin xﬂ =4 [ln <em2) + In (sin (z))

. Compute: <+ [ln (e””2 - sin av)] =

= 4L |2? +In(sin (2)) | = 2z + —— - cos (x) = 2z + cot (z)
N——r SIN L N —
In(u) ‘\f’ du
1

Alternately - [ln (e””z sin (m))} = e (2) - <<e””2 : 290) - (sin (z)) + cos (z) - €x2> =

. - ~ / \—,_/ - . ~ J/

2z In(w)] 1 24 using the product rule

g Slin(x) - % (21 - sin () + cos (z)) = %W — 97 + cot x

. Use the properties of natural logs and the facts that In(2) ~ 0.7 and In (9) = 2.2 to
compute:

(a) In(4de) =In(4) +In(e) =In22+Ine=2In2+lne=2(0.7)+1 =24
(b) In(36) = In (36) = In (22 - 9) = In (22) + (9) = 2In2+1n9 = 2(0.7) + 2.2 = 3.6



D=

—

n(2-3) =In2+mm3 =2+ (92 =mh2+ 59 = 0.7+ 3(2.2) =

_ 3
5. Compute: fxi?’ e dx

=1 x2

u=3z"

du = —3z~dx

—%du =1 %dx

whenz =1; u=3(1)"=3
when 2 =3; u=3(3)"" =1

Lo e = [[37E atdy= (5 et (—du) = —§ [[5 etdu = —3[e,5 =

6. Find the arc length of the function y = %x% + 1 over the interval [0, 1] on the x-axis.

[yy,]: fﬁx } arc length = ff:; A1+ [f (2)]Pde = ff:ol (1+ x)% dx

u=14+z
du = dx
when x =0;u=14+0=1
whenz=1Lu=14+1=2

z= 1 u=2 1 31v=2 3 3
arc length = f:p:Ol (I+z)2de, = [ uidu= [UT] =2 [(2)2 - (1)2] =222 1]

7. A chain weighing 3lb/ft, is hanging from a winch 50 ft above the ground in such a
way that the end of the chain just barely touches the ground. How much work is done
winding up the chain so that the tip of the chain is 30ft above the ground?

Q T

50 ft

30 ft

di
|
|

o/
<
1l
T 11

o
-




W; = work done winding in the chain from the bottom to the top of the i** subinterval

W; = F;D; = (length of chain) - (weight per unit length of chain)Ay

weight of chain
W; = (50ft — ;) (%) Dy = (15051) = 3f—lfy) Ay

Wr~ Y W, =%, (150lb - 3f—lfy) Ay

Let Ay — 0
Wr = [V ((150 Ib) — 3f—lfy> dy

ft 2

— (150 1b) y — 3. ﬁ]?’oﬂ

0ft

— [(150 Ib) (30t) — 212 W} —[0—0]

= 4500 ft 1b—1350 ft 1b

= 3150 ft 1b

. Water is pumped from a nearby reservoir to the tank of a water tower shown below.

The tank is in the shape of an inverted cone of height 20 ft, and diameter 20 ft. If

water weighs 100%, how much work is done in pumping the tank full of water?

<20 ft—

e
20 ft

- O

@
<~ O — >
—h
—

—

Assume that the tower has already been filled. We’ll compute the amount of work that
had to have been done in filling the tank. Slice the water in the tank into horizontal
slices of width A y. We'll assume that A y is small enough so that for all practical
purposes, every molecule of water in the i** slice is the same distance above ground.
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We'll let W; be the work done in pumping the " layer to its final height.
W, = FiD;

W; = (weight of ¢™ layer) (Distance the " layer is pumped)

W; = [(volume of i*" layer) (#ilhutme)] (Distance)

Here, note that the %" layer is disc shaped

W; = [(7r? A y) p] (Distance)

Wi = [(w (3v:)” & y) p} (yi + 80ft)

Wi = mpgyi (yi + 80ft) Ay

Wi = mpg (v} +80ft y7) A y

Total Work = Wy ~ "7 mpi (y2 + 80ft y7) Ay

Let Ay — 0

= Wi = limp, o 30, mpt (48 + 80ft y2) Ay = 22 [ (43 + 80ft y?) dy =

_ 20ft .
wp <y_4 i %y?’) _mp <(20ft)4 n % (20ft)3> o= (40000f1:4 4 6403000ft4) _

4 \1 oft 1 1
mp (760000 ¢4\ _ 190000 ¢4 _ Ib \ 190000 ¢4 _ 19,000,000
=% (Tft ) =mp=g—ftt =7 (10()&_3) =—ft* = r==— Ib-ft
. Compute:

" 2\?% /2
I § 34+is =
nLIl;.loi_:l( +Zn) (n)

This fits the form of the limit of a Riemann sum. Note that since n is the number of
rectangles and A z is the width of each rectangle, as n — oo it follows that A x — 0.

Notice also that when the interval [a, b] is partitioned into n subintervals of length A z,
then each subinterval has length A x = b;—“ Furthermore, note that if we let x; be the
right endpoint of the i** subinterval, then z; =a+1% A x, or x; = a+1 (b’T“) . (See the
picture below.)
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Our Riemann sum can be analyzed as follows:

. ‘ R 2\?/2 _ " 2\?/2
i S (32 () = i 3 (3502 ) (2) = w30 (3422 (2)
M~ T e ~— =1
imp -, ~~ impz—, S~~~ _
1 0 o xf Ax I 0 " (a+i(b*T“))2 (bTa>

From this analysis, we see that a = 3.
Since b’T" :% we have that b —a =2, or that b=2+a = 5.
Since our integral has the form: lim, .0 Y i, 27 A z it becomes

b=5 3795 3 3
/ YR il A L
3 3], 3 3 3

A force of 2 Newtons is required to stretch a spring 1 meter past its point of equilibrium.
(1 Newton denoted 1N, is defined:

_ lkg-m

1IN (i.e., one kilogram meter per second squared))

sec?

How much work is done in stretching the spring from 0.5 m past equilibrium to 1.0 m
past equilibrium?

First, we need to find the “spring constant, k”

From Hooke’s law, ' = ks, where s is the distance that the spring is stretched past
equilibrium, and F' is the force required to stretch the spring that distance.

This means that 2N =k -1m =k = %

Next, partition the interval over which the work is done into subintervals of length A x,
and pick a point in the i** subinterval and call it z;.
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Let W; be the work done stretching the spring from the left side to the right side of
the ** subinterval.

Wi = FD;

W; = (ks) (distance over which the work is done)
Wi = (% xz) Az

Total work done is given by Wy

Wra>", (% mz) Az

: n 2N 2N [z=1.0m 2N
W =limag—0 > iy (7 . xi)Aﬂc = == xdx =

m Jz=0.5m m
2
2N (Bm > 3Nm

[w_zrzl'om _oN [(1.0m)2 (O.5m)2] .
2 T m 2 2 -

z=0.5m

m 8



