Integrals and Natural Logarithms #3 - Solutions
SPRING 2013

Pat Rossi Name

Instructions

Answers appear on the ANSWERS page. Solutions appear on the SOLUTIONS page.

1. Compute: [ (7z* + 23 + 5z + 10) do =

5 4 2

J (2t + 2+ 50+ 10) do =7 [£] + [£] +5 %] + 102+ C

5

ie, [(7Ta* + 2%+ 524+ 10) do = La° + La* + 222 + 102 + C
Don’t forget the “4-C”

2. Compute: [ (8sec(z)tan (z) + 5csc? (z)) do =

[ (8sec(z) tan (z) + 5esc? (z)) da = 8 [sec (z)] + 5 [— cot (z)] + C

i.e., [ (8sec(z)tan (z) 4+ 5csc? (z)) do = 8sec (z) — 5ot (x) + C
Don’t forget the “4C”

3. Compute: f;::il (2% + 922 + 3) do =

r=1

JE (2% + 922 + 3)da = Ex“ +32% + 34
~—_———
1(@)

r=—1




4. Compute: [ 4z3 + 6z (622 + 3) d [ (423 + Gx)% (622 4 3) do =

g,

Re-write
1. Is u-sub appropriate?

a. Is there a composite function?

1
Yes! (4963 + Gm) 2 (A function raised to a power is always a composite function!)
Let u = the “inner” of the composite function
=u= (4333 + 63:)

b. Is there an (approximate) function/derivative pair?

Yes! (43:3 + 61‘) —_———— (63:2 + 3)
functi deri

Let u = the “function” of the function/deriv pair

=>u= (41”3 + Gz)
c. Is the “function” of the function/deriv pair the same as the “inner” of the composite function?

(i.e., do criteria a and b suggest the same choice of u ?)

Yes! = u-substitution is appropriate

2. Compute du

u = 4z + 6z
=2 = 122246
=du = (12z2 + 6) dx

= %du = (6x2 + 3) dx

3. Analyze in terms of u and du

f(4x3+6x)%(6x2+3)dx = [u?-tdu=1[uzdu

1
sdu

(S

u

4. Integrate (in terms of u).

[N

+C

u

Wl

3
;fuéduzé{“;}—i—C:

5. Re-express in terms of the original variable, x.

3
2

J VA4a3 + 6x (6m2 + 3) dz = é (43:3 + Gx) +C

3
u2+C

Wl

3
2

ie., [ V423 +6x (62% +3) dz = 1 (42° +62)* + C




5. Compute: [ sec (a:Q) tan (xQ) rdr =

1. Is u-sub appropriate?
a. Is there a composite function?

Yes!  sec (:cz) tan (:cz)

inner the “outer” issec(  )tan( )
Let w = the “inner” of the composite function

= u = (2?)

b. Is there an (approximate) function/derivative pair?

Yes! (xQ) —— === (2)
e ~~~
function deriv

Let u = the “function” of the function/deriv pair

= u = (2%)
c. Is the “function” of the function/deriv pair the same as the “inner” of the composite function?

(i.e., do criteria a and b suggest the same choice of u ?)

Yes! = u-substitution is appropriate

2. Compute du

u = z?
du _
T
=du = 2uxdx
= %du = xdx

3. Analyze in terms of u and du

[ sec (z°) tan (wﬂ@ = ['sec (u) tan (u) 1du = 3 [sec(u) tan (u) du
sec(u) tan(u) 29U
4. Integrate (in terms of u).

1 [sec (u)tan (u) du = % [sec (u)] + C = 3 sec (u) + C
5. Re-express in terms of the original variable, x.

[ sec (2?) tan (2?) zdx = % sec (z°) + C

|
L sec(u)+C

ie., fsec (:cz) tan (:172) rdx = % sec (xQ) +C




2
6. Compute: [ 723?;-;:5127 dz = S 723:34-;2-5-4.1 (322 + 2+ 2) dz

re-write

Remark: Note that we have an approximate function/derivative pair, with the “function” in the
denominator. This usually indicates that u-substitution is appropriate, with the result being a natural
logarithm.

1. Is u-sub appropriate?

a. Is there a composite function?

Yes! is the same as (22° + 22 + 43r)71 , 50 it is a function raised to a power.

1
Let u = the “inner” of the composite function
=>u= (2m3+x2+4x)

b. Is there an (approximate) function/derivative pair?

Yes! (22 +2° +4z2) —— —— — (32 +2+2)
| — | —
function deriv

Let u = the “function” of the function/deriv pair

=u= (2x3+x2+4x)
c. Is the “function” of the function/deriv pair the same as the “inner” of the composite function?

(i.e., do criteria a and b suggest the same choice of u ?)

Yes! = u-substitution is appropriate

2. Compute du

u = 23+a224+4x
=2 = 6224+20+4
=du = (6:172 + 2z + 4) dx

= %du = (33:2 +x+ 2) dx

3. Analyze in terms of u and du

1 2 11 101
—_—— v
1 zdu
4. Integrate (in terms of u).
%f%duz %[ln|u|}+C: %ln|u|+C

5. Re-express in terms of the original variable, x.

1
s de = |2 +a 4|+ O

3 Injul+C

. 3z 442 _ 1 3 2
ie, [siiside = 5In|22° + o —|—4x’—|—C




7. Compute: % [ln (tan (z))] =

d _ 1 2 _ SCCQ(I)
e [In (tan (z))] = tan (@) -sec” (x) = tan(s)
4 — J@
4= [In(g(x))] T
. SeC2 x
i, 2 [In(tan (z))] = =)
8. Compute: % [1n (81‘3 + 53:)] =
9y (869 4 50)] = <t - (2402 +5) = H2’e
d,’.E 81‘3 —+ 51’ —_—— 8z% 45z
£ n(g(2))] ! g'(=)

g(z)

ie., % [In (823 + 5z)] = §;‘§i+52

9. Compute: - [In (zsin (z))] =

Remark: We can compute this derivative directly, in it’s current form, but it would be much easier
to use the algebraic properties of natural logarithms to simplify the expression first.

i [In (zsin (2))] = % [In (z) + In (sin (z))]

In(ab) =1In(a) + In(b)

NOW we’re ready to compute the derivative!

LI (zsin (2))] = £ [In (z) + In (sin (z))] = [l + ——cos(z)| =1 — cot ()

T sin(z)

i.e., & [In(zsin(z))] = 2 + cot (z)




r=1

10. Compute: [ (1 — m2)2 rdr =

1. Is u-sub appropriate?

a. Is there a composite function?
Yes!  (1-— x2)2 (A function raised to a power is always a composite function!)
Let w = the “inner” of the composite function
=u= (1 — :172)
b. Is there an (approximate) function/derivative pair?
Yes! (1—x2)—————> x
N
function deriv

Let u = the “function” of the function/deriv pair

=>u= (1 - x2)
c. Is the “function” of the function/deriv pair the same as the “inner” of the composite function?

(i.e., do criteria a and b suggest the same choice of u ?)

Yes! = u-substitution is appropriate

2. Compute du

u = 1—2z?2
= Z—; = 2z
=du = —2xdx

= —%du = xdx

When 2 =0, u=1— 22
When z =1, u =1 — 22

1—(0°=1
1— —

3. Analyze in terms of v and du

i (1= 0) gl = [0 (<3 du =~ [ w?du

1
u? —zdu

Don’t forget to re-write the limits of integration in terms of u!
4. Integrate (in terms of u).

w— u u=0 u=0 1 1
3 wdn= -4 [5]T = - ] =~ 0)° - (—6 (1)3> =0-(-5) =%

u=1

x=1

ie, [ (1 —x2)2 rdr = §




