Solutions to Selected Exercises on p. 28
SUMMER 2024

Pat Rossi Name

3a Express the fraction % in sexagesimal notation

Our aim is to express % as the sum of powers of 60

1 _
We want x such that 5= %

Therefore, we must express % as a fraction with a denominator of 60.

10
.11 _ 10 _ 1.
ObSGI'VG. 6~ 56" 1—0 —@—0,10
~
=1
ie, =010

(Ex 3b is on the next page)



3b Express the fraction

1

5 in sexagesimal notation

Our aim is to express % as the sum of powers of 60

1_ =z I _ =z 4 y.
We want 2 such that 5 = &; or g = &5 + gz; ete.

Observe: % = 3% is a fraction in “reduced form” (numerator and denominator have
no prime factors in common).

Since 60 only has one factor of 3 (60 = 22-3-5) and 9 has two factors of 3 (9 = 32), the
(reduced) fraction % cannot be expressed solely as a single fraction with denominator

60.

i.e. There is no whole number x such that % = %.

Therefore, we must express % as the sum of two or more fractions whose denominators
are powers of 60.

If we factor the denominators 9 and 60, and compare, here’s what we see:
9=23%and 60 =22-3-5

9 has a factor of 3 that 60 doesn’t have and 60 has factors 22 and 5 that 9 doesn’t
have.

Therefore, in order to express % as fraction whose denominator is a power of 60, that
power of 60 must contain all factors of 9.

Observe that 602 = (22 - 3-5)° = 2% . 32. 52 contains all factors of 9.

Therefore, we can express é as a fraction with denominator of 60? by multiplying

numerator and denominator of % by those factors of 60? that are not factors of 9.

ie 11 2%5%2 _ 2452 _ 400 __ 400
Y9 T 97 2452 T 92452 T 3600 602
: 1 _ 400
1.€., 9~ %02

We should now express the numerator as the sum of powers of 60, each with a coefficient
less than or equal to 60 (because we will be expressing the number in base 60).

. 1 _ 400 _ 660440 _ 660 , 40 _ 6 , 40 _ (.
Le, 5 =52 = 602 — 602 To02 — o0 T g0z — ;6,40

i.e., % =0;6,40




3¢ Express the fraction % in sexagesimal notation

Our aim is to express % as the sum of powers of 60

K

1 _
We want x such that := %5

Therefore, we must express % as a fraction with a denominator of 60.

12
.11 _ 12 _ n.
ObSGI’V@. 55" E —@—0,12
~~
=1
Le., 1 =0;12

(Ex 3d is on the next page)



3d Express the fraction i in sexagesimal notation

Our aim is to express 5; as the sum of powers of 60

2

1
We want x such that 5; = &5; or 55 = &5 + 5iz; etc.
Observe: i = 23 5 is a fraction in “reduced form” (numerator and denominator have

no prime factors in common).

Since 60 only has two factors of 2 (60 22 .3 -5) and 24 has three factors of 2
(24 =23 -3), the (reduced) fraction 5; cannot be expressed solely as a single fraction
with denominator 60.

i.e. There is no whole number x such that i = 6—%.

Therefore, we must express ﬂ as the sum of two or more fractions whose denominators
are powers of 60.

If we factor the denominators 24 and 60, and compare, here’s what we see:
24 =23.3; and 60 =22-3-5
24 has a factor of 2 that 60 doesn’t have and 60 has a factor of 5 that 24 doesn’t have.

Therefore, in order to express 5; as fraction whose denominator is a power of 60, that
power of 60 must contain all factors of 24.

Observe that 60% = (22 3-5)* = 2% .32 52 contains all factors of 24.

Therefore, we can express i as a fraction with denominator of 60 by multiplying

numerator and denominator of 7 by those factors of 60% that are not factors of 24.

je. L — 1 2352 _ 2352 _ 150 __ 150
U247 24 2352 T 24.2.3.52 T 3600 602
: 1 _ 150
1.€., 24 — 602

We should now express the numerator as the sum of powers of 60, each with a coefficient
less than or equal to 60 (because we will be expressing the number in base 60).

. 1 _ 150 _ 260430 _ 260 , 30 _ 2 , 30 _ Q.
Le, 50 =52 = "6 — 602 T 602 — 60 T goz — V52,30
1.e. =0;2,30

’24




3e Express the fraction

1

16 in sexagesimal notation

1

16 as the sum of powers of 60

Our aim is to express

We want x such that 4—10 or L = & T g+ etc.

_ . Yy
607 40 6027

Observe: % = 2%5 is a fraction in “reduced form” (numerator and denominator have

no prime factors in common).

Since 60 only has two factors of 2 (60 = 2% -3 -5) and 40 has three factors of 2
(40 = 23 -5), the (reduced) fraction ;= cannot be expressed solely as a single fraction
with denominator 60.

i.e. There is no whole number x such that % = 6—%.

Therefore, we must express % as the sum of two or more fractions whose denominators
are powers of 60.

If we factor the denominators 40 and 60, and compare, here’s what we see:
40 =23 .5; and 60 =22-3-5

40 has a factor of 2 that 60 doesn’t have and 60 has a factor of 3 that 40 doesn’t have.
Therefore, in order to express % as fraction whose denominator is a power of 60, that
power of 60 must contain all factors of 40.

Observe that 60% = (22 3-5)* = 2% .32 52 contains all factors of 40.

Therefore, we can express % as a fraction with denominator of 60? by multiplying

numerator and denominator of % by those factors of 60? that are not factors of 40.

ie 1 _ 1 2325 _ 2325 _ 90 __ 90
Ty 40 T 40 2:325 T 40-2:32.5 T 3600 602
: 1 _ 90
1.€., 10 — 602

We should now express the numerator as the sum of powers of 60, each with a coefficient
less than or equal to 60 (because we will be expressing the number in base 60).

. 1 _ 90 _ 160430 _ 1.60 , 30 _ 1 , 30 _ (.
le, 36 =602 = 602 — 602 T 602 — 60 T oz — 031,30
ie., 4—10 =0;1,30




3f Express the fraction % in sexagesimal notation

Our aim is to express % as the sum of powers of 60

5 __
We want x such that 5= %

Therefore, we must express % as a fraction with a denominator of 60.

5
Observe: 2 = 2 . R :%:0;25
=1

Le., % =0;25

(Ex 4a is on the next page)



4a Convert the number 1,23,45. from sexagesimal to “our system” (i.e., to decimal (base
10)).

1,23,45. =1-60% + 23 -60 + 45 = 5,025

ie., 1,23,45. = 5,025

(Ex 4b is on the next page)



4b Convert the number 12; 3,45 from sexagesimal to “our system” (i.e., to decimal (base
10)).

12;3,45=12-60°+3- & +45- o =124+ 3 + 5

=12+ 3% + g2

Observe Because we want to convert to base 10, we would like for the fractions =3

225
and 24 52 to be expressed as fractions whose denominators are powers of 10.
Taking into consideration that the prime factorization of 10 is 10 = 2 - 5, we have:
_ _ 3 45 32.5
123,45 = 124 355 + Goor = 12+ 3305 + Gonger = 12+ 3905 + 3ot
5 1 .5 5 52 5 125
=R+ pstap = R2+es tae 5= 12+ s+t
_ 125 125 100
12+(25)2+(25) =12+ 02+104 12 + 02+ 04+104
_ 1 6 2:10+5
12"’100"’%""104 12"’ﬁ"f_lo‘l 12+W+ 10%
=12+ G+ 32 + 20 =12+ 18 + 15 + 120 = 12.0625
Because we want to convert to base 10, we would like for the fractions 22 s and 5= 52 to

be expressed as fractions whose denominators are powers of 10 (i.e. powers of 2 - 5).

Thus: 12;3,45 = 12.0625

ie., 12;3,45 = 12.0625

Alternatively:
12,345 =12+ 2 + & =12+ L + ;5. =124+ & + &

_ 4 1 5 __ 1
_12+%+%_12+%_12+E

ie., 12;3,45 =12+ -

Remark: Since the direction given stated: “Convert these numbers form sexagesimal
notation to ‘our system’ (i.e. base 10), the former answer (12;3,45 = 12.0625) is
preferable.



4¢ Convert the number 0; 12, 3, 45 from sexagesimal to “our system” (i.e., to decimal (base

10)).
Observe: 0;12,3,45 = —i— 632 + 603

(Eliminate, from the denominator, all prime factors that are not factors of 10)

) _ 12, 3 45 223 3%-5
0,12,3,45—@"‘@"‘%— 2235+ (2235)2 +(2235)3

22.3 3 325

_ 223 3 32.5
22.3.5 + 24.32.52 + 26.33.53

= 2235 T 27325 T w355 —

22 1 5 _ 2 1 1

325 T 97352 T 3635 — 25 T 27352 | 26352

OOPS! These fractions are “reduced to lowest terms” and 3 is a factor of two of the
denominators. Since 3 is a prime factor that is not a factor of 10, we will not be able
to express these fractions in such a way that their denominators are powers of 10.

i.e., We won’t be able to express 0; 12, 3,45 in “decimal form” in base 10. The best that
we’ll be able to do is express 0;12, 3,45 as a whole number in basel0 plus a fraction
whose denominator is not a power of 10.

Consequently, we proceed as follows:

_ Q _ 1260% 45 __ 12-602+3-60+45
0;12,3,45 = &5 + 02 + 603 0607 T 02 60 s 603 603
__ 43425 _ 3252193 _ 193 __ 193
T 603 T 263353 T 26.3.5 T 960

ie., 0;12,3,45 = 2




4d Convert the number 1,23;45 from sexagesimal to “our system” (i.e., to decimal (base
10)).

Observe:

1,23;45=1-60+23 + 2 = =1-60+23+ 3%

=83+ 5%

Observe also: Because we want to convert to base 10, we would like for the fraction
22 5 to be expressed as a fraction whose denominator is a power of 10.

Taking into consideration the fact that the prime factorization of 10 is 10 = 2 - 5, we

have:

— 35 __ 3-5 _ _ 3.52
1,23;45 =83 + —5—83+ﬁ~— 83—i—2252 83+W
=83 + {5 = 83.75

ie., 1,23;45 = 83.75

Alternatively:

1,23;45 = 1-60+23+ =1-60+23+ 2235 =1 60+23+
= 83?1

Le., 1,23;45 =833

Remark: Since the direction given stated: “Convert these numbers form sexagesi-
mal notation to ‘our system’ (i.e. base 10), the former answer (1,23;45 = 83.75) is
preferable.
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